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1 INTRODUTION 
High-strength concrete (HSC) is generally used to 
reduce member sizes and hence the self-weight of 
the structure. Although many of the advantages of 
HSC are well known some of the consequences of 
using HSC, such as its impact on shear strength, are 
less well understood.  
Due to the strong bond between the aggregate and 
the cement paste in HSC, the aggregate may fracture 
depending on its type and the concrete strength. 
Similar problems arise in lightweight aggregate con-
cretes. Aggregate fracture results in a significant re-
duction in the shear stress that can be transferred 
through a crack via aggregate interlock. The contri-
bution of aggregate interlock to the shear strength of 
reinforced concrete beams is uncertain and depends 
on parameters such as the amount of shear rein-
forcement and the contribution of arching action for 
loads applied close to the support. 
The general crack pattern and the opening (w) and 
sliding (s) of the cracks is highly influenced by the 
ratio of the clear shear span to the effective depth 
(av/d) and the shear reinforcement ratio (ρw). This 
paper focuses on short span beams with av/d between 
1 and 2 although the authors also tested beams with 
a/d equal to 3.5 where a is the distance between the 
centrelines of the load and adjacent support. 
2 SHORT SPAN BEAM BEHAVIOUR 
2.1 General aspects and existing design methods 
In the design of concrete structures, there are many 
instances where loads are applied within 2d of the 
supports. Typical examples include corbels, pile 
caps, hammerhead piers, deep beams and short span 
beams. Early experimental and analytical work by 
Kani (1966), Zsutty (1968) and Regan (1971) 
showed that shear strength increases significantly 
due to arching action when loads are applied within 
approximately twice the beams effective depth of the 
support. Design codes such as BS8110 allow for 
arching action by increasing the basic shear strength 
of the concrete by a factor equal to 2d/av. EC2 
adopts the alternative approach of reducing the com-
ponent of shear force due to loads applied within 2d 
of the support by a factor β = av/2d as shown in  Fig-
ure  1. 
The behaviour of short span beams is signifi-
cantly different from normal and deep beams. In 
short span beams the diagonal crack, which gener-
ally runs in a straight line between the inner edges of 
the loading and bearing plates (Fig. 1), forms inde-
pendently of the flexural cracks and remains stable 
until failure as reported by Regan (1971). The shear 
strength and ductility can be enhanced by adding 
transverse reinforcement. Vertical stirrups have been 
shown to be more efficient than horizontal links for 
av/d between 1 and 2. Design codes usually recom-
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mend that horizontal stirrups are used in beams with 
av/d less than 0.5. Vertical stirrups increase the shear 
strength if they cross the diagonal shear crack and 
are considered effective for design purposes if 
placed within the central three quarters of the clear 
shear span. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1. Typical crack pattern and load paths on a short span 
beam (Beam AL3 tested at Imperial College, London) 
 
The authors examined a database of 150 short span 
beams with vertical stirrups tested by 12 different re-
searchers including the authors and found (Fig. 2) 
that the performance of the simplified design method 
in EC2 for short span beams was highly dependent 
on the stirrup index (SI=n.Asw fy/b/h/fc) where n = 
number of effective stirrups; Asw = area of stirrups; fy 
= yield strength of stirrups; b = width; h = height; 
and fc = concrete cylinder strength. The EC2 method 
becomes less conservative as SI increases as shown 
in Figure 2.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2. Pcalc/Ptest ratio for the simplified EC2 method, 
MC90 and STM in relation with the stirrup index (SI), beams 
with vertical stirrups and av/d between 1 and 2.  
 
Note: experimental results from Walraven & Lehwalter (1994), 
Regan (1971), Oh & Shin (2001), Tan et al. (1995), Tan et al. 
(1997), Kong et al. (1970), De Pavia & Siess (1965), Vollum & 
Tay (2001), Clark (1951), Sarsam & Al-Musawi (1992), Kong 
& Rangan (1998), Sagaseta & Vollum (2007, unpubl.). 
 
The authors also investigated the accuracy of equa-
tion (1) below which was recommended by Schlaich 
and Schafer (1991) and subsequently included in 
Model Code MC90. Figure 2 shows that the predic-
tions of equation (1) follow a similar trend to the 
method in EC2 but the results are more conservative. 
It is noteworthy that equation (1) only relates Fw to 
a/z. 
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where Fw = shear carried by the stirrups; F = total 
shear; a = distance between centre load points; z = 
lever arm taken as 0.9 times the effective depth (d); 
and NSd = axial tension (positive for tension). 
2.2 Strut-and-tie modelling 
EC2 permits short span beams to be designed with 
the strut-and-tie method (STM) as an alternative to 
reducing the design shear force by β, which raises 
the question of which method is most realistic. The 
sensitivity of the predictions of these two methods to 
geometrical and material properties differs signifi-
cantly.  The STM is a transparent approach but vari-
ous assumptions need to be made regarding the ge-
ometry of the nodes, the width of the struts and the 
concrete strength. The predictions of strut-and-tie 
models are dependent on these assumptions in addi-
tion to geometrical parameters such as the length of 
bearing plates and the concrete cover to the main 
tensile reinforcement.  
The strut-and-tie model for short span beams pre-
sented in this paper is consistent with the recom-
mendations for STM made in EC2. The model is ap-
plicable to symmetrically loaded beams with either 
one or two point loads. The design equations given 
in this paper are valid for beams with stirrups. The 
equations can be easily adapted for the analysis of 
beams without stirrups. The bearing stress under the 
loading and supporting plates were limited to νfcd 
and 0.85νfcd respectively as recommended in EC2 
for compression-compression (CC) and compres-
sion-tension (CT) nodes in strut-and-tie models. 
The load paths in the model, which are shown in 
Figure 1, consist of a direct strut (Strut I) and a truss 
system (Strut II-Stirrups-Strut III). In order to sim-
plify the problem of internal statical indeterminacy, 
the stirrups were assumed to yield at failure. This as-
sumption is justified by the experimental work of 
Clark (1951), Regan (1971), and the authors 
amongst others for beams with SI up to at least 0.1. 
Only the direct strut in Figure 1 is present in beams 
without shear reinforcement. 
The strength of strut I is affected by the diagonal 
crack and transverse tensile strains induced by the 
stirrups crossing it. Strut II, which is equilibrated by 
the stirrups, is affected by flexural cracks that de-
crease its strength. The third compressive stress 
field, Strut III, is fan shaped like Strut II, but the 
concrete in this region is essentially uncracked. The 
geometry of the strut-and-tie model is defined in 
Figure 3. The orientation of strut III is defined below 
in equation (2) in terms of the angles to the horizon-
tal φ’i made by lines drawn from the top of each stir-
rup i to the bottom node as shown in Figure 3.  
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where nlp equals the number of loading points at the 
top of the beam which is assumed to be either 1 or 2. 
All the other terms in equation (2) are defined in 
Figure 3. The only unknown parameter in equation 
(2) is λ which is the proportion of the total load 
taken by the direct strut. If the parameter λ is known 
the entire geometry of the strut-and-tie model in Fig-
ure 3 is defined, including the size of the nodes.  
In order to simplify the model, the top boundary 
of Strut III was assumed to be linear so that C’i could 
be obtained easily from horizontal equilibrium at the 
top node. This assumption has no significant effect 
on the angle φ’i. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3. Geometry of strut-and-tie model for short span beams 
with vertical stirrups (example for nlp =1 and n=2) 
 
The tensile force in the reinforcement at the bottom 
node (T) can be divided into two components T = Ti’ 
+ Td, where Ti’ is the force transmitted by the indi-
rect strut II and Td is force transmitted by the direct 
strut I. Both components are given by the equations 
(3) and (4). 
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where TSi is the tensile force carried by each stirrup 
assuming it has yielded (TSi=Aswfy). The total load 
applied in the beam (P) can be written in terms of λ 
and TSi as in equation (5). 
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Equation (6) defines the angle θ of the centreline of 
the direct strut to the horizontal. All the geometrical 
parameters in equation (6) are known and only the 
proportion of load taken by the direct strut (λ) and 
the total tensile force at the bottom node (T) need to 
be determined. 
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where fcnt corresponds to the concrete strength at the 
top node which is taken as ν.fcd as recommended in 
EC2. 
The angle θ can be expressed in terms of λ by 
substituting equations (2, 3 and 4) into (6). So far 
only geometric relationships and equilibrium at 
nodes have been considered. The coefficient λ de-
pends on the assumed failure mode. 
 Two failure modes were considered in the estima-
tion of the ultimate load; namely crushing of the di-
rect strut and failure at the bearing plates. The ulti-
mate load was taken as the lowest value 
corresponding to these modes of failure. The critical 
failure mode in the majority of the beams studied 
was crushing of the direct strut. 
 The strength of the direct strut is governed by the 
product of its cross-sectional area and the effective 
concrete strength. In general good predictions were 
obtained using the effectiveness factor 0.6ν defined 
in EC2, where ν = (1-fck/250). The effectiveness fac-
tor accounts for the reduction in concrete compres-
sive strength due to transverse tensile strain. Good 
predictions were obtained for the ultimate load if the 
width of the strut (wstrut) was calculated from the ge-
ometry of the bottom node, see equation (7). 
θλθλ cos2sin clw bstrut +=  (7) 
Limiting the stress in the strut to νfcd and imposing 
horizontal equilibrium at the bottom node leads to 
equation (8), which relates θ and λ. The parameters 
θ and λ are solved iteratively from the system of 
non-linear equations (2-6 and 8). 
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3 VALIDATION OF ANALYTICAL MODELS 
3.1 Experimental evidence 
The authors have validated their model against a da-
tabase of 214 beams of which 150 had vertical stir-
rups. One of the difficulties in developing the data-
base was that important information was often not 
reported. Firstly, although the crack pattern was de-
scribed in detail in most cases, information was sel-
dom if ever given on either the type of aggregate 
used or whether it had fractured. Secondly, many au-
thors omitted to give the size of the bearing plates, 
which is required in the STM. Thirdly, some beam 
tests have been carried out using rollers for the sup-
ports. Beams loaded/supported using rollers were 
excluded from the database to avoid possible devia-
tions due to bearing failure under the rollers. If the 
strut-and-tie model presented in this paper is used 
for assessing the strength of beams with rollers, an 
equivalent bearing plate length can be estimated as-
suming a value for the dispersion angle (α)  from the 
centreline of the roller. Acceptable results were ob-
tained with α=45˚. Fourthly, little information was 
reported on the relative displacements at cracks dur-
ing loading. Crack widths are often reported but in-
formation is not usually given on crack sliding. 
A series of 8 short span beams were tested at Im-
perial College London to assess the influence on 
shear strength of aggregate interlock and aggregate 
fracture. The beams were simply supported and 
loaded at mid-span. The beams had a rectangular 
cross section 500mm high and 135mm wide with 
two layers of two H25 longitudinal reinforcement 
bars (d=437.5mm). The loading plate was 210 × 
135mm. One set of 4 beams (AL0-AL4) was cast 
with limestone aggregate, which fractured com-
pletely at cracks. The remaining 4 beams (AG0-
AG4) were identical to set AL but were constructed 
with normal gravel aggregate. In beams AG the 
crack only went through a small proportion of the 
aggregate. Beams A0 had no shear reinforcement 
whilst the amount of stirrups was progressively in-
creased in beams A2-A4 from two to four T8 stir-
rups per shear span. 
The beams were intended to have similar concrete 
strengths of around 60MPa but the concrete deliv-
ered by the concrete supplier had concrete strengths; 
fcm = 68.4MPa and 80.2MPa for AL and AG beams 
respectively. Failure was encouraged to develop in 
the left hand shear span by decreasing the length of 
the left hand bearing plate by 37.5% (lb,left=125mm, 
lb,right=200mm). This change in the size of the bear-
ing plate results in a 20% increase in strength ac-
cording to the STM or 8% if the EC2 simplified 
method is applied. Of the 8 beams tested, 6 failed in 
the shear span with av/d of 1.12 and only two (AG4, 
AL2) on the span with av/d of 1.04 as expected. 
All the beams failed in shear but the flexural rein-
forcement yielded in specimens AG3-4. The main 
diagonal shear crack formed at around 30% of the 
ultimate load prior to flexural cracking. The load-
deflection curve was almost linear until failure 
where the main diagonal crack expanded to the top 
inner edge of the loading plate. 
3.2 Predictions of STM and EC2 approaches 
Table 1 summarizes the predictions obtained from 
the STM and EC2 models for the beams tested. The 
material factors of safety were taken as 1.0 in the 
analysis. The STM seem to give better predictions 
overall but the strength of beams AG0 with no stir-
rups was significantly over predicted. This is possi-
bly due the effective strength of the concrete in the 
strut being overestimated. In the EC2 simplified ap-
proach for short beams with no stirrups, the shear 
strength (Vc) is estimated using an empirical equa-
tion. The term Vc is neglected in the EC2 truss model 
for beams with stirrups. A total of 64 short beams 
without stirrups (Mathey & Watsein 1963, Moody et 
al. 1954, Walraven & Lehwalter 1994, Placas 1969, 
Vollum & Tay 2001, Ortiz 1993, Tan et al. 1997, Oh 
& Shin 2001 and Clark 1951) were analysed. Aver-
age values of 0.79 and 0.52 were obtained for 
Pcalc/Ptest using the STM and EC2 approaches re-
spectively. The standard deviations were 0.16 (STM) 
and 0.08 (EC2).  
 
Table 1.  Summary of short beams tested. 
 
Beam ρv* [%] SI 
Pcalc/Ptest 
(STM) 
Pcalc/Ptest 
(EC2) 
AG0 0 0 1.28 0.53 
AG2 0.22 0.020 0.79 0.35 
AG3** 0.34 0.031 0.69 0.45 
AG4** 0.45 0.041 0.66 0.56 
 Mean / St.Dev. 0.86 / 0.17 0.47 / 0.09 
AL0 0 0 1.04 0.45 
AL2 0.22 0.024 0.76 0.37 
AL3 0.34 0.036 0.87 0.61 
AL4 0.45 0.048 0.71 0.65 
 Mean / St.Dev. 0.85 / 0.14 0.52 / 0.13 
* ρv  (%) = Asw/(ab) x 100 
** Longitudinal steel yielded 
 
For short span beams with stirrups, the STM predic-
tions seemed to be more realistic than those given by 
the simplified approach suggested in EC2 as shown 
in Figures 2 and 4. In order to assess the range of va-
lidity of the models, beams with av/d lower than 1 
and between 2-2.5 were also investigated. Figure 4 
shows that the authors STM is unsuitable for beams 
with av/d greater than 2. The model is also rather 
conservative for beams with av/d less than 0.75. Fig-
ure 4 shows that the influence of av/d on the accu-
racy of the predictions of the EC2 model is opposite 
to that for the STM. 
The large scatter shown in Figure 4, especially for 
the EC2 model, is due to variations in SI. In the 
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STM model, the percentage of load carried by the di-
rect strut (λ) decreases as SI increases. Analysis 
shows that the accuracy of STM almost independent 
of SI and hence the overall scatter in Pcalc/Ptest is less 
for the STM than for the EC2 model with av/d be-
tween 1 and 2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4. Pcalc/Ptest variation with av/d for STM and EC2 ap-
proaches (beams with stirrups). 
4 INFLUENCE OF AGGREGATE FRACTURE  
4.1 Results for short span beams 
The analysis of beams A suggests that the strength of 
the short span beams tested was not significantly in-
fluenced by the fracture of the aggregate. The rela-
tive displacements of the main diagonal crack were 
monitored in the left shear span (av/d = 1.12) at two 
points on each side of the beam. Two crosses of 
Demec gauge studs were placed on the north side of 
the beam. Two crosses of LVDT’s were placed on 
the south side as shown in Figure 5. Both types of 
measurement gave readings which were consistent 
with each other and with visual measurements of 
crack width obtained with an optical crack micro-
scope. The Demec gauge readings were reliable but 
had the disadvantages that the readings were discon-
tinuous and could not be safely taken near failure. 
The orientation of the main diagonal crack was simi-
lar in the gravel and limestone specimens. The incli-
nation of the critical shear crack became closer to the 
inclination of the direct strut in the STM as the 
number of stirrups was increased in both the AG and 
AL beams. 
The crack opening (w) was predominant over slid-
ing (s) up to failure in all the beams, as shown in 
Figure 6. The ratio δw/δs was around 3 up to the 
peak load in all the specimens. Once the beam failed, 
crack sliding became active and the δw/δs ratio re-
duced to 1. In beams AG4 and AL2, which failed on 
the right shear span (av/d = 1.04), the diagonal crack 
on the left span started closing after the ultimate load 
was reached, see Figure 6. The large values of crack 
opening compared with crack sliding shown in Fig-
ure 6, suggests that little shear was transmitted 
through the main diagonal crack by means of aggre-
gate interlock action in the authors’ beams with 
a/d=1.5. The authors’ push-off tests suggest that the 
ratio between the crack opening and sliding δw/δs 
would have been closer 1 for significant shear to be 
transferred across the diagonal crack.  
 
  
 
 
 
 
 
 
 
 
 
 
 
Figure 5. Monitoring crack relative displacements of main di-
agonal crack of beams A (LVTDs crosses, south side). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6. Crack opening and sliding of main diagonal crack on 
the left hand shear span (av/d = 1.12) of beams A. 
 
Analytical estimations of the shear transmitted 
through a crack, which is 1-1.5mm wide, give very 
low values of shear stress regardless the analytical 
model applied. For the limestone aggregate concrete 
used for beams AL and assuming w = 1.2mm and s = 
0.4mm the shear transmitted according to Bazant & 
Gambarova (1980) model is only 0.5MPa. Other 
models such as Walraven & Reihardt (1981) predict 
values close to zero. Some additional experimental 
evidence has been obtained from Push-off tests per-
formed by the authors at Imperial College London, 
using limestone aggregate. As an order of magni-
tude, cracks 1.5mm wide with similar reinforcement 
ratio as beam AL4, were capable of transmitting 
shear stresses up to 3MPa, but the slip required was 
6mm.  
 
4.2 Results for slender beams 
The influence of aggregate fracture was also exam-
ined for beams where arching action was not pre-
dominant. Slender beams, with a/d equal to 3.5, 
were tested with and without shear reinforcement. 
The cross section and type of aggregate were identi-
cal as for beams A. The reduction in strength due to 
aggregate fracture was found more significant for 
those beams without stirrups. The experimental re-
sults had a good correlation with Regan et al. (2005) 
findings for similar beams. 
Ongoing experimental work is focused on slender 
beams with different shear reinforcement ratios. 
Four beams have been tested with a point of contra-
flexure in order to avoid shear contribution at the 
compression head. The ratios of δw/δs at the main 
shear crack were significantly different than in the 
short span beam series A and the aggregate interlock 
action seemed to have a more important role. 
5 CONCLUSIONS 
A simple strut-and-tie model is proposed in this pa-
per for short span beams that is consistent with the 
recommendations in EC2 for STM. The model gives 
good predictions of the ultimate strength. The shear 
reinforcement is assumed to yield at failure, which is 
reasonable for beams with stirrup indexes SI below 
0.1. The simplified design method in EC2, in which 
the design shear force is reduced by a factor β=av/2d, 
gives good predictions for SI between 0.05 and 0.1 
but is unduly conservative for lower values of SI.  
 Unfortunately, most authors do not report details 
of the aggregate type used in their tests or whether it 
fractured. However, the experimental work pre-
sented in this paper suggests that aggregate fracture 
does not have a significant effect on the shear 
strength of short span beams with a/d equal to 1.5 
since crack opening was predominant over sliding in 
the main diagonal crack. The influence of aggregate 
fracture was found to be more significant in slender 
beams, particularly for beams without shear rein-
forcement. 
 Future code revisions should relate any reduction 
in shear strength due to aggregate fracture to the a/d 
ratio which affects the relationship between crack 
opening and slip. Further experimental work is re-
quired to investigate the influence of a/d and the 
shear reinforcement ratio on the shear strength of 
beams in which aggregate fractures. 
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